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UpPER BOUND THEOREM ([LEROUX & S.’19])
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VAS Reachability is in F,, and in ¥4, 4 in fixed dimension d
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geneous solution O/' e.g., lax,bu,cy,dv]

> assumeV’'=V.

> pick a cycle of G using every transition in T
eg,x+z+u+y+v

> the effect of the cycleis A € V

> asV =V/, there exists a rational linear combination of
cycles of T with effect A
eg, A= %(x+u+4y+v)

> then2A =2(x+z+u+y+v) =2%(x+u+4y+v)

> thusx+2z4+u—2y+v=0

> choose k € N such that kc > 2: [kax,kbu,kcy, kdv]
still a hom. sol.

> then [(ka+1)x,2z, (kb + 1)u, (kc —2)y, (kd + 1)v]
is also a hom. sol.

> thus T=T'
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ORDINALS
R f— » Cantor normal form for ordinals « < €q:
wiern —
v — w™ . X,
wies xX=w c1+--+w Ck
O —
vl — x>0 > >0ineNe,  0<ceq,...,cp<w
- fp— » norm of ordinals & < gp: “maximal
w-2+2 — 4
w241 — constant
w2 —
w3 —— def
w2z — Noa = max (max(Nay,cy))
e 1<i<k
o
6
i —
S — EXAMPLE
A N7 =7 N(w-3+1)=
.

A W

N(w? +w) =2 N(w? +w+4) =
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DESCENDING ORDINAL SEQUENCES

weas > always finite

wirgrl —— ... but can be of arbitrary length

ExAMPLE

€

Ernw NeEN e

e
NENEN)

€

€€
+ +

oRrNWhUON
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DESCENDING ORDINAL SEQUENCES

weas > always finite

wirgrl —— ... but can be of arbitrary length

ExAMPLE
w+2

€

Ernw NeEN e

e
NENEN)

€

€€
+ +

oRrNWhUON
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DESCENDING ORDINAL SEQUENCES

weas > always finite

wirgrl —— ... but can be of arbitrary length

ExAMPLE
w+2>w+1

€

Ernw NeEN e

e
NENEN)

€

€€
+ +

oRrNWhUON
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DESCENDING ORDINAL SEQUENCES

whrwtd - > always finite

wirgrl —— ... but can be of arbitrary length

ExAMPLE
w+2>w+1>w

€

Ernw NeEN e

e
NENEN)

€

€€
+ +

oRrNWhUON
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DESCENDING ORDINAL SEQUENCES

whrwtd - > always finite

wirgrl —— ... but can be of arbitrary length

ExAMPLE
w+2>w+1l1>w>3

€

Ernw NeEN e

e
NENEN)

€

€€
+ +

oRrNWhUON
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DESCENDING ORDINAL SEQUENCES

whrwtd - > always finite

wirgrl —— ... but can be of arbitrary length

ExAMPLE
wH+2>w+l>w>3>2

€

Ernw NeEN e

e
NENEN)

€

€€
+ +

oRrNWhUON
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DESCENDING ORDINAL SEQUENCES

whrwtd - > always finite

wirgrl —— ... but can be of arbitrary length

ExAMPLE
wH2>w+l>w>3>2>1

€

Ernw NeEN e

e
NENEN)

€

€€
+ +

oRrNWhUON
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DESCENDING ORDINAL SEQUENCES

whrwtd - > always finite

wirgrl —— ... but can be of arbitrary length

ExAMPLE
wH+2>w+1l>w>3>2>1>0

€

Ernw NeEN e

e
NENEN)

€

€€
+ +

oRrNWhUON
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DESCENDING ORDINAL SEQUENCES

whrwtd - > always finite

wirgrl —— ... but can be of arbitrary length

ExAMPLE
wH+2>w+l>w>2>2>1>0

€

Ernw NeEN e

e
NENEN)

€

€€
+ +

orRrNwWhUON
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DESCENDING ORDINAL SEQUENCES

wrers > always finite
wtw+2 —
e — ... but can be of arbitrary length
i
mj—} _
Wit — ExXAMPLE
AUZ _
w341 —— wH+2>w+1>w>
w3 ——
w-2+2 —
w241 —
w-2 _—
w+3 _
w+2 —
w+1l —

oRrNWEUON
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DESCENDING ORDINAL SEQUENCES

wrers > always finite
wtw+2 ——
e — ... but can be of arbitrary length
i
wj—} _
P — ExXAMPLE
AUZ _
w3+l w+2>w+1l>w>4>3
w3 ——
w-2+2 —
w241 —
w-2 _—
w+3 —:
w+2 —
w+1l —

oRrNWEUON
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DESCENDING ORDINAL SEQUENCES

whtwts o > always finite
wtw+2 —
e — ... but can be of arbitrary length
s
wj—} —_—
ey pp— ExAamPLE
AUZ _
w3t —— wH+2>w+1l>w>4>3>2
w3 ——
w-2+2 —
w241 —
w-2 _—
w+3 _
w+2 —
w+1l —

oRrNWEUON
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DESCENDING ORDINAL SEQUENCES

whtwts o > always finite
wtw+2 —
e — ... but can be of arbitrary length
s
wj—} —_—
ey pp— ExAamPLE
AUZ _
w3t —— w+2>w+l>w>4>3>2>1
w3 ——
w-2+2 —
w241 —
w-2 _—
w+3 _
w+2 —
w+1l —

oRrNWEUON
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DESCENDING ORDINAL SEQUENCES

> always finite

wtw+2 —
e — ... but can be of arbitrary length
w?+4 :
w:—} —
PR p— ExaMPLE
w341 - wH2>w+1>w>4>3>2>1>0
w-3
w-2+2 —
w241 ——
w-2 _—
w+3
w+2 —
w+1 —

oRrNWEUON
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DESCENDING ORDINAL SEQUENCES

> always finite

wtw+2 ——
e — ... but can be of arbitrary length
w?+4 :
w:—}
weln — EXAMPLE
AUZ
. wH2>w+1l1>w>/>6>5>4>3>2>1>0
w-3
w-2+2 —
w241 ——
w-2 _—
w+3
w+2 —
w+1l —

orNWhUO
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DESCENDING ORDINAL SEQUENCES

> xg >0t > ... is by g:IN — IN
wl“j f— (monotone inflationary) and ng € IN if
wf 4 — )
ii{% — Vi.Noy < g'(ng)
w-3+1 E
S p—
o ExampLE (g(x) =x+1,ng = 2)
A R
wi3
w+2 —
w+1l —

oRrNWhUON
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DESCENDING ORDINAL SEQUENCES

L g0(2)=2
wtwrd —— > op > 1 > ... is controlled by g:IN — IN
wtw+2 —— . . .
A — (monotone inflationary) and ng € IN if
wf 4 —v— .
wis — Vi.Noy < g'(no)
w-3+1 —;—
w3 —
wore ] ExaMPLE (g(x) =x+ 1,19 =2)
v — w+2
w3 —
w42 —
w+1 — |

oRrNWhUON
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DESCENDING ORDINAL SEQUENCES

1 gl(2)=3
et > op > 1 > ... is controlled by g:IN — IN
W tw+2 — ! . . .
M A— (monotone inflationary) and ng € IN if
wf 4 —-— .
ii{% — Vi.Noy < g'(ng)
w-3+1 —i
w3 =
wore i | ExaMPLE (g(x) =x+ 1,19 =2)
i g— w+2>w+1
i
w+1 — !

oRrNWhUON
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DESCENDING ORDINAL SEQUENCES

L g?(2)=4

eEeee

N

LEE
Ert i+t

€

€€

€888 heeee
v JEEEE

w

€

e€e

NENEN)

TSR NEWEN

T

Ernw NeEN e

e +

€N wa

oRrNWhUON

» o> x1 > ... is controlled by g:IN — IN
(monotone inflationary) and ng € IN if

Vi.Nai < g'(no)

ExaMPLE (g(x) =x+ 1,19 =2)
w+2>w+1l>w
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DESCENDING ORDINAL SEQUENCES

¢*(2)=5"
et > op > 1 > ... is controlled by g:IN — IN
wtw+2 — . n .
W re (monotone inflationary) and ng € IN if
u;’ 4 : .
a = Vi.No; < g'(no)
w-3+1 —
w3 —
o ExaMPLE (g(x) =x+ 1,19 =2)
2§: w+2>w+1>w>
b
w+l —

oRrNWhUON
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DESCENDING ORDINAL SEQUENCES

¢%(2)=6 !
wiruts - » xp> 1 >...is controlled by g:IN — IN
wtw+2 — ! . n .
W re (monotone inflationary) and ng € IN if
u;’ 4 : .
a = Vi.No; < g'(no)
w-3+1 5
N —
o ExaMPLE (g(x) =x+ 1,19 =2)
v = wH2>w+l>w>5>4
b
w+l —

oRrNWhUON
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DESCENDING ORDINAL SEQUENCES

95(2)=7 !
wira+d > &g > a1 >...is controlled by g:IN — IN
wtw+2 — ! . n .
W re (monotone inflationary) and ng € IN if
u;’ 4 — .
sl = Vi.Noi < g'(no)
w-3+1 5
N —
i T ExampLE (g(x) =X+ 1,19 =2)
v = wH+2>w+1l>w>5>4>3
b
w+l —

oRrNWhUON
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DESCENDING ORDINAL SEQUENCES

¢°(2)=8 !
et » op > 1 > ... is controlled by g:IN — IN
wtw+2 —— i . H H
W re (monotone inflationary) and ng € IN if
s .
Lo = Vi. N < g'(no)
w-3+1 5
w3 —
L ExaMPLE (g(x) =x+ 1,19 =2)
Ziz wH2>w+1>w>5>4>3>2
b
w+l —

oRrNWhUON
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DESCENDING ORDINAL SEQUENCES

§7(2)=9 !
wira+d > g > &1 > ... is controlled by g:IN — IN
wtw+2 —— | . . .
il = - (monotone inflationary) and ng € IN if
u;’ 4 — | .
:L{% — VI' N(Xi < gl(nO)
w-3+1 : |
w3 — '
T Bxawee (g0 =x+1,m0=2)
v = WwH2>w+1>w>5>4>3>2>1
ol —
w+1l —

oRrNWhUON
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DESCENDING ORDINAL SEQUENCES

¢8(2)=10 !
weas > g > &1 > ... is controlled by g:IN — IN
wtw+2 — . . . .
il = (monotone inflationary) and ng € IN if
u;’ 4 : .
iijfg = | Vi.Noy < g'(ng)
w-3+1 : !
w3
o ExaMPLE (g(x) =x+ 1,19 =2)
A R WwH+2>w+1>w>5>4>3>2>1>0
i f—
w+1l —

oRrNWhUON
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DESCENDING ORDINAL SEQUENCES

» o> x1 > ... is controlled by g:IN — IN
(monotone inflationary) and ng € IN if

Vi.Nai < g'(no)

ExaMPLE (g(x) =x+ 1,19 =2)
wH+2>w+1l>w>5>4>3>2>1>0

PROPOSITION

. Descending sequences of ordinals

s —— in x < ¢g controlled by g andng have a
E — , noted Ly «(no).
-
0




00@0000

DESCENT EQUATION

(g,mp)-controlled descending sequence g, x1, X2, X3,...
over an ordinal «:

norms Nocg

93(T10) N
3
(59 O
9%(ng) o)
gl (ng)
9%(ng)
e}
x1
o
indices i




DESCENT EQUATION

(g,np)-controlled
over an ordinal o:

norms Nocg

93(T10)
92(110)
Ql(no)
9%(ng)
o
xq
(o]

00@0000

xp,X1,H%2,X3,...

0} over the suffix
0(1,0(2,0(3,...,V"L> o,

indices 1
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DESCENT EQUATION

(g,mp)-controlled descending sequence g, x1, X2, X3,...
over an ordinal «:

norms Ntxi

3
g”(ng)
2(ng) (0) over the suffix

0(1,0(2,0(3,‘..,V"L>0,

9

Ql(ﬂo)

9%(ng)

OLQ) xq

indices 1
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DESCENT EQUATION

(g,mp)-controlled descending sequence g, x1, X2, X3,...
over an ordinal «:

norms Nocg

93(T10)
9% (ng) over the  suffix

0(1,0(2,0(3,...,V"L> o,
Ql(no)

Xi € Xo
9%(ng)
2
indices i
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DESCENT EQUATION

(g,mp)-controlled descending sequence g, x1, X2, X3,...
over an ordinal «:

norms Nocg

2 3

gc(g(ng)) =g~ (ng)

gl(g(ng)) =g2(ng) over the  suffix

0(1,0(2,0(3,‘..,V"L>0,
a%(g(ng)) =gl (ng)

xi € xp
9% (ng)
[o @
i—1
Noi < g " (g(no))
indices i
Lg,oc(nO) = max 1+ Lg,oco (g(no))

xp€a,Nxg<ng
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DESCENT EQUATION

Lg,oc(no) = max 1+ Lg,oco (g(no))

o€, Nog<ng

CONSEQUENCE OF (S.'14,'16)

For g elementary, Ly a1 (ng) < Fgra(e(ng)) for some
elementary function e.
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THE LENGTH OF DECOMPOSITION BRANCHES

[Leroux & S."19]

Decomposition Algorithm

00000

{4fexp
7—&4—exp

2019 Update

d+1
vV
X0
vV
X1
vV
x2

V

w

Complexity Upper Bounds
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THE LENGTH OF DECOMPOSITION BRANCHES

[Leroux & S. "19]

wdtl

V

(%%

{4-exp \/

—> —> “1

4-exp

‘LL V

_y — — > —> (XZ

£ 4-exp Sy \/
COROLLARY

The decomposition tree is of size at most Fq4(e(n)) for
some elementarv function e.
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CURRENT UPPER BOUNDS

Fo(x)=x+1

x+1 times M R

ULTIPLY RECURSIVE

F1(x)=Fgo---oFg(x) =2x+1
x+1 times

N ——
F5(x)=Fpo0---0Fp(x) ~2% PRIMITIVE RECURSIVE

ELEMENTARY

UpPER BOUND THEOREM ([LEROUX & S.’19])

x+1 times
F3(x)=Fpo---0Fy(x) ~ tower(x)

Fw (x)=Fy11(x) = ackermann(x)

VAS Reachability is in F,, and in ¥4, 4 in fixed dimension d



0000e00

CURRENT UPPER BOUNDS

Fo(x)=x+1

x+1 times M R
—_—
Fp(x) =Fgo . oFg(x) = 2x 1 ULTIPLY RECURSIVE
x+1 times

N ——
F5(x)=Fpo0---0Fp(x) ~2% PRIMITIVE RECURSIVE

ELEMENTARY

UpPER BOUND THEOREM ([LEROUX & S.’19])

x+1 times

F3(x)=F50---0F5(x) = tower(x)

Fw (x)=Fy11(x) = ackermann(x)

VAS Reachability is in F,, and in ¥4, 4 in fixed dimension d

THEOREM ([LEroux "20])
VAS Reachability reduces to bounded VAS Reachability
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A RELATED PROBLEM

labelled VAS transitions carry labels from some alphabet

L(V,source,target) the language of labels in runs from
source to target

JL the set of scattered subwords of the words in
the language L

ExAMPLE (scattered subword ordering)
ba <, baaacabbab
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L(V,source,target) the language of labels in runs from
source to target
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A RELATED PROBLEM

DowNWARDS LANGUAGE INCLUSION PROBLEM
input: two labelled VASV and V' and configurations
source, target, source’, target’
question: [L(V,source,target) C |L(V’/, source’,target’)?

THEOREM (Habermehl, Meyer & Wimmel'10)

Given a labelled VAS V and configurations source and
target and its decomposition, one can construct a finite
automaton for [L(V,source,target) in
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A RELATED PROBLEM

DowNWARDS LANGUAGE INCLUSION PROBLEM
input: two labelled VASV and V' and configurations
source, target, source’, target’
question: [L(V,source,target) C |L(V’/, source’,target’)?

THEOREM (Habermehl, Meyer & Wimmel'10)

Given a labelled VAS V and configurations source and

target , one can construct a finite
automaton for | L(V,source, target) in polynomial time.

COROLLARY
The Downwards Language Inclusion is in ACKERMANN.



[e]e]ele]e] o)

A RELATED PROBLEM

DowNWARDS LANGUAGE INCLUSION PROBLEM
input: two labelled VASV and V' and configurations
source, target, source’, target’
question: [L(V,source,target) C |L(V’/,source’,target’)?

COROLLARY
The Downwards Language Inclusion is in ACKERMANN.

THEOREM (Zetzsche'16)

The Downwards Language Inclusion is ACKERMANN-hard.
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PERSPECTIVES

1. complexity gap for VAS reachability
» ToweR-hard [Czerwinski et al.'19]
> decomposition algorithm: requires F, = ACKERMANN time,
because downward language inclusion is F ,-hard [Zetzsche'16]

2. reachability in VAS extensions?
» decidable in VAS with hierarchical zero tests [Reinhardt'08]

» what about

> branching VAS
> unordered data Petri nets

> pushdown VAS
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